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On Some Classes of Analytic
Functions Defined by Subordination

A. El -Sayed Ahmed

AAbstract - In this paper , we  define  some  general  classes  of analytic functions by subordination . Our  new  results 
extend and improve a lot of known results (see [6]).
Keywords and phrases : Convex functions, univalent functions, subordination.

I. INTRODUCTION

Let A be the class of functions f which are analytic in the unit disk Δ = {z : |z| < 1}
and are given by

(1.1)f(z) = 1 +
∞∑

n=k

akzk, n ∈ N.

A function f analytic in Δ is said to be univalent in a domain D if

f(z1) = f(z2) =⇒ z1 = z2 z1, z2 ∈ D.

The class of all univalent functions f in Δ and have form (1.1) will be denoted by S.

A domain D is called convex if for every pair of points w1 and w2 in the interior of D,
the line-segment joining w1 to w2 lies wholly in D. A function f which maps Δ onto
a convex domain is called a convex function.The necessary and sufficient condition for

f ∈ S to be convex in Δ is that Re (zf ′(z))′

f ′(z) > 0, z ∈ Δ. The class off all functions
convex and univalent in Δ is denoted by C.
A domain D is said to be starlike with respect to w = 0 if the linear segment joining
w = 0 to any other point of D lies wholly in D. If a function f
domain with respect to w = 0, then f is said to be starlike. The necessary and sufficient
condition for f ∈ S to be starlike is that

Re
zf ′(z)
f(z)

> 0, z ∈ Δ.

This class is denoted by S∗, and it was studied first by Alexander [3].
Let f(z) and g(z) be analytic in Δ. We say that f(z) is subordinate to g(z) if there

exists a function φ(z) analytic (not necessarily univalent) in Δ satisfying φ(0) = 0 and
|φ(z)| < 1 such that
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(1.2)f(z) = g(φ(z)) (|z| < 1).

Subordination is denoted by f(z) ≺ g(z). For more details on univalent functions by
subordination, we refer to [1,2,5,7-16].

Let B be the class of functions, analytic in Δ and of the form

(1.3)w(z) =
∞∑

n=1

bnzn, n ∈ N,

and satisfying the conditions w(0) = 0 and |w(z)| < 1 for all z ∈ Δ. Based on the class
B Janowski [4] defined the class P [A,B], as follows:

Let p be analytic function in Δ, given by

(1.4)p(z) = 1 +
∞∑

n=1

pnzn.

Then p(z) is said to be in the class P [A,B] ; −1 ≤ B < A ≤ 1 ; if and only if, for z ∈ Δ

(1.5)p(z) =
1 + Aw(z)
1 + Bw(z)

; w ∈ B.

Concerning the class P [A,B] Janowski [4] proved the following lemma:

Lemma 1.1 [4]. Let p ∈ P [A,B], and given by (1.4). Then

(i) − |pn| ≤ A − B,

(ii) − 1−Ar
1−Br ≤ Re p(z) ≤ 1+Ar

1+Br ,

(iii) − | arg p(z)| ≤ sin−1 (A−B)r
1−ABr2

These results are sharp.
Let N and D be analytic in Δ, D maps Δ onto a many -sheeted starlike region, N(0) =
D(0), and

N ′(z)
D′(z)

∈ P [A,B], then
N(z)
D(z)

∈ P [A,B].

In [14], Ravichandran et.al defined the class Pn[A,B] as follows:
For −1 ≤ B < A ≤ 1 and

p(z) = 1 + cnzn + cn+1z
n+1 + ..., n ∈ N,

we say that p ∈ Pn[A,B] if

p(z) ≺ 1 + Az

1 + Bz
, z ∈ Δ.

The class with the property that zf ′(z)
f(z) ∈ Pn[A,B] is denoted by STn[A,B]. If n = 1, we

drop the subscript. Also, Ravichandran et.al [14] obtained the following lemma:

Lemma 1.2 [14]. If p ∈ Pn[A,B], then

(1.6)
∣∣∣∣p(z) − 1 − ABr2n

1 − B2r2n

∣∣∣∣ ≤ (A − B)rn

1 − B2r2n
, |z| = r < 1.

For the special case p ∈ Pn(α) = Pn[1 − 2α,−1], we get
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1 − r2n

∣∣∣∣ ≤ 2(1 − α)rn

1 − r2n
, |z| = r < 1.

In this paper, we define the classes:

P = Pα1,α2,α3,...,αN

k1,k2,k3,...,kN
[n;A1, B1, A2, B2, A3, B3, ..., AN , BN ],

Pn = P ′α1,α2,α3,...,αN

k1,k2,k3,...,kN
[n; A1, B1, A2, B2, A3, B3, ..., AN , BN ];

of analytic functions of the single complex variable z in the unit disk Δ = {z : |z| < 1}.
Moreover we study some of their basic properties. Besides we study the behavior of
functions of these classes under some differential and integral operators. Concerning the
class:

P α1,α2,α3,...,αN

k1,k2,k3,...,kN
[A1, B1, A2, B2, A3, B3, ..., AN , BN ],

which denotes the class of functions q that are analytic in Δ and are represented by

q(z) =
N∑

j=1

αj

[kj + 2
4

pj(z) − kj − 2
4

uj(z)
]
,

where pj , uj ∈ P [Aj , Bj ], αj are non-negative real numbers ;
∑∞

j=1 αj = 1 ; −1 ≤ Bj <
Aj ≤ 1, kj ≥ 2 and j = 1, 2, 3, ..., N.

The following lemma is useful in the sequel.

Lemma 1.3 [6]. If ψ(z) =
∑∞

n=0 bnzn is regular in Δ, φ1(z) and h(z) are convex
univalent in Δ such that ψ(z) ≺ φ1(z), then ψ(z) ∗ h(z) ≺ φ1(z) ∗ h(z), z ∈ Δ, where

φ1(z) =
∞∑

n=0

anzn and ψ(z) ∗ φ1(z) =
∞∑

n=0

bnanzn.

Suppose that

P = Pα1,α2,α3,...,αN

k1,k2,k3,...,kN
[n; A1, B1, A2, B2, A3, B3, ..., AN , BN ]

denotes the class of functions qn that are analytic in Δ and are represented by

(2.1) q(z) =
N∑

j=1

αj

[kj + 2
4

pj(z) − kj − 2
4

uj(z)
]
,

where pj , uj ∈ Pn[Aj , Bj ], αj are non-negative real numbers ;
∑∞

j=1 αj = 1 ; −1 ≤ Bj <
Aj ≤ 1, kj ≥ 2 and j = 1, 2, 3, ..., N . Since, for

p(z) = 1 +
∞∑

k=n

akzk, n ∈ N,

we say that p ∈ Pn[Aj , Bj ] if p(z) ≺ 1+Ajz
1+Bjz , z ∈ Δ.

Lemma 2.1. The class P is a convex set.

Proof. We want to prove that for α, β ≥ 0, α + β = 1 and for

q1, q2 ∈ Pα1,α2,α3,...,αN

k1,k2,k3,...,kN
[n; A1, B1, A2, B2, A3, B3, ..., AN , BN ],

that q(z) = 1
α+β [αq1(z) + βq2(z)], belongs to the class

II. THE CLASS P
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we say that p ∈ Pn[Aj , Bj ] if p(z) ≺ 1+Ajz
1+Bjz , z ∈ Δ.

Lemma 2.1. The class P is a convex set.

Proof. We want to prove that for α, β ≥ 0, α + β = 1 and for

q1, q2 ∈ Pα1,α2,α3,...,αN

k1,k2,k3,...,kN
[n; A1, B1, A2, B2, A3, B3, ..., AN , BN ],

that q(z) = 1
α+β [αq1(z) + βq2(z)], belongs to the class

Pα1,α2,α3,...,αN

k1,k2,k3,...,kN
[n; A1, B1, A2, B2, A3, B3, ..., AN , BN ].

This can simply seen by letting

q1(z) =
N∑

j=1

αj

[kj + 2
4

fj(z) − kj − 2
4

f∗
j (z)

]
,

where fj , f
∗
j ∈ Pn[Aj , Bj ], αj are non-negative real numbers ;

∑N
j=1 αj = 1 ; −1 ≤ Bj <

Aj ≤ 1, kj ≥ 2.
Also, let

q2(z) =
N∑

j=1

αj

[kj + 2
4

gj(z) − kj − 2
4

g∗j (z)
]
,

where gj , g
∗
j ∈ Pn[Aj , Bj ]. Then, we see that

1
α + β

[αq1(z) + βq2(z)] =
N∑

j=1

αj

α + β

[kj + 2
4

[αfj + βgj ] − kj − 2
4

[αf∗
j + βg∗j ]

]
=

N∑
j=1

αj

[kj + 2
4

pj(z) − kj − 2
4

uj(z)
]
.

Then we arrive at the proof of our Lemma, since the class Pn[Aj , Bj ] is convex.

Lemma 2.2. Let

q ∈ Pα1,α2,α3,...,αN

k1,k2,k3,...,kN
[n; A1, B1, A2, B2, A3, B3, ..., AN , BN ].

Then for

p(z) = 1 +
∞∑

k=n

akzk;

we have
(i) |an| ≤

∑N
j=1

αjkj

2 (Aj − Bj) for all n.

(ii)
{ N∑

s=1

αs

N∏
j=1;
j �=s

(1 − B2
j r2n)

(
1 − ks

2
(As − Bs)rn − AsBsr

2n
)}/ N∏

j=1;
j �=s

(1 − B2
j r2n)

≤ Rep(z)

≤
{ N∑

s=1

αs

N∏
j=1;
j �=s

(1 − B2
j r2n)

(
1 +

ks

2
(As − Bs)rn − AsBsr

2n
)}/ N∏

j=1;
j �=s

(1 − B2
j r2n)
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(iii) q ∈ Pn for |z| < r0, where r0 is the least positive root of the equation

(2.2)
N∑

s=1

αs

N∏
j=1;
j �=s

(1 − B2
j r2n)

(
1 − ks

2
(As − Bs)rn − AsBsr

2n
)

= 0,

and Pn = Pn[1,−1] is the class of functions of positive real part. These results are sharp.

Proof. The proof of the assertion (i) is very similar to the proof of the assertion (i) of
Lemma 1.1 [4]. To prove assertion (ii) of Lemma 2.2, let pj , uj ∈ Pn[Aj , Bj ]; −1 ≤ Bj <
Aj ≤ 1, n ∈ N and j = 1, 2, 3, ..., N . Now, let

p(z) = 1 +
∞∑

k=n

akzk ≺ 1 + Ajz

1 + Bjz
.

Then, we can write p(z) = 1+Ajφ(z)
1+Bjφ(z) , where φ(z) is analytic in Δ, φ(0) = 0 and |φ(z)| < 1.

Expressing φ(z) in terms of p(z), we get that φ(z) = p(z)−1
Aj−Bjp(z) = an

Aj−Bj
zn+... = znΨ(z),

where |Ψ(z)| ≤ 1. Therefore |φ(z)| ≤ zn, and hence from the subordination principle, we

have that
∣∣∣∣ 1−Ajφ(z)
1−Bjφ(z)

∣∣∣∣ ≤ Rep(z) ≤ |p(z)| ≤ 1+Ajφ(z)
1+Bjφ(z) , which implies that,

(2.3)
∣∣∣∣1 − Ajr

n

1 − Bjrn

∣∣∣∣ ≤ Rep(z) ≤ |p(z)| ≤ 1 + Ajr
n

1 + Bjrn
.

Moreover the double inequality (2.3) will be also satisfied for the functions uj(z). Now,
since

q ∈ Pα1,α2,α3,...,αN

k1,k2,k3,...,kN
[n; A1, B1, A2, B2, A3, B3, ..., AN , BN ],

then using relation (2.1), it follows that

(2.4)
N∑

j=1

αj

[kj + 2
4

minRepj(z) − kj − 2
4

max uj(z)
] ≤ Req(z)

≤
N∑

j=1

αj

[kj + 2
4

max Repj(z) − kj − 2
4

minuj(z)
]
.

Introducing the double inequality (2.3) in the double inequality (2.4), we obtain the
following double inequality

N∑
j=1

αj

{
kj + 2

4
(1 − Ajr

n

1 − Bjrn

)− kj − 2
4
[1 + Ajr

n

1 + Bjrn

]} ≤ Req(z)

≤
N∑

j=1

αj

{kj + 2
4
(1 + Ajr

n

1 + Bjrn

)− kj − 2
4
[1 − Ajr

n

1 − Bjrn

]}
,

which yields, after simplification the required double inequality. The result of part (iii)
of Lemma 2.2 follows easily from part (ii) of the same Lemma ; since
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Req(z) ≥
{ N∑

s=1

αs

N∏
j=1;
j �=s

(1−B2
j r2n)

(
1− ks

2
(As−Bs)rn−AsBsr

2n
)}/ N∏

j=1;
j �=s

(1−B2
j r2n),

thus Re q(z) > 0, for |z| = r0, where r0 is the least positive root of the equation

N∑
s=1

αs

N∏
j=1;
j �=s

(1 − B2
j r2n)

(
1 − ks

2
(As − Bs)rn − AsBsr

2n
)

= 0.

The function

q(z) =
N∑

j=1

αj

{
(1 − kj

2 (Aj − Bj)zn − AjBjz
2n)

(1 − B2
j z2n)

}
,

shows that the results of part (ii) and (iii) of Lemma 2.2 are sharp.

Lemma 2.3. Let

q ∈ Pα1,α2,α3,...,αN

k1,k2,k3,...,kN
[n; A1, B1, A2, B2, A3, B3, ..., AN , BN ].

Then

(i)
1
2π

∫ 2π

0

|q(reiθ)|2dθ ≤ 1 +

[∑N
j=1

αjkj

2 (Aj − Bj)
]2

r2n

1 − r2
,

(ii)
1
2π

∫ 2π

0

|q(reiθ)|2dθ ≤
N∑

j=1

αjkj

2

[
Aj − Bj

1 − B2
j r2n

]
.

Proof. Let

q(z) = 1 +
∞∑

k=n

akzk.

Then by using Parseval’s identity and the result of (i) given in Lemma 2.2, we get

1
2π

∫ 2π

0

|q(reiθ)|2dθ =
∞∑

k=0

|ak|2r2k ≤ 1 +
∞∑

k=n

[ N∑
j=1

αjkj

2
(Aj − Bj)

]2
r2k

= 1 +

[∑N
j=1

αjkj

2 (Aj − Bj)
]2

(1 − r2)
r2n

Now, using relation (2.1), we get that

(2.5) q′(z) =
∑N

j=1
αj

[
kj + 2

4
Rep′j(z) − kj − 2

4
Reu′

j(z)
]
.

Moreover, for p′j ∈ Pn[Aj , Bj ] ; we have

p′j(z) =
(Aj − Bj)φ′

j(z)
[1 + Bjφj(z)]2

,
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then

(2.6)
1
2π

∫ 2π

0

∣∣q(reiθ)
∣∣2dθ =

1
2π

∫ 2π

0

∣∣(Aj − Bj)
∣∣× ∣∣w′

j(re
iθ)
∣∣dθ∣∣1 + Bjwj(reiθ)

∣∣ ≤ Aj − Bj

1 − B2
j r2n

.

Applying (2.6) in (2.5), it follows that

1
2π

∫ 2π

0

∣∣q′(reiθ)
∣∣2dθ ≤

N∑
j=1

αj

2π

∫ 2π

0

[
kj + 2

4

∣∣p′j(reiθ)
∣∣+ kj − 2

4

∣∣u′
j(re

iθ)
∣∣]dθ

≤
N∑

j=1

αjkj

2

[
Aj − Bj

1 − B2
j r2n

]
.

A function f analytic in Δ is said to belong to the class

P ′α1,α2,α3,...,αN

k1,k2,k3,...,kN
[n;A1, B1, A2, B2, A3, B3, ..., AN , BN ],

if and only if,

f ′ ∈ Pα1,α2,α3,...,αN

k1,k2,k3,...,kN
[n;A1, B1, A2, B2, A3, B3, ..., AN , BN ].

Lemma 3.1. The class Pn is a convex set.

Proof. The proof of this Lemma is very similar to the proof of Lemma 1.4 (see [6]).
Now, we give the following theorem:

Theorem 3.1. Let f ∈ Pn. Then f is univalent for |z| < r0; where r0 is the least
positive root of the equation (2.2). This result is sharp.

Proof. Let f ∈ Pn, hence it follows from Lemma 1.2.2 assertion (iii) that Ref(z) > 0,

|z| < r0; where r0 is the least positive root of the equation (2.2).

The sharpness follows from the function f1(z) defined by

f1(z) ={∫ z

0

N∑
s=1

αs

N∏
j=1;j �=s

(1−B2
j ζ2n)

(
1− ks

2
(As −Bs)ζn −AsBsζ

2n
)
dζ

}/ N∏
j=1;
j �=s

(1−B2
j ζ2n)

Theorem 3.2. Let f ∈ Pn. Then f maps |z| < r1 = (
√

2− 1)rn
0 onto a convex domain,

where r0 is the least positive root of the equation (2.2). This result is sharp.

III. THE CLASS PN

Proof. Let f ∈ Pn. Hence it follows from Lemma 2.2 assertion (iii) that Ref(z) > 0,
|z| < r0; where r0 is the least positive root of the equation (2.2). Let w be any complex
number such that |w| < r0. Then the function

G(z) = P
(r2n

0 (z + w)
r2n
0 + zw̄

)
= P (w) + P ′(w)

[
1 − |w|2

r2n
0

]
z + ...

[6
]
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is analytic in |z| < r0 and Re G(z) > 0 for |z| < r0. Hence∣∣∣∣P ′(w)(1 − |w|2
r2n
0

)
∣∣∣∣ ≤ 2P (w)

rn
0

,

which implies that, ∣∣∣∣P ′(w)
P (w)

∣∣∣∣ ≤ 2rn
0

r2n
0 − |w|2 .

Since w is any complex number with |w| < r0, we can write the above inequality as∣∣∣∣zf ′′(z)
f ′(z)

∣∣∣∣ ≤ 2rn
0 |z|

r2n
0 − |z|2 ,

which implies that,

Re(1 +
zf ′′(z)
f ′(z)

) ≥ 1 − 2rn
0 |z|

r2n
0 − |z|2 =

r2n
0 − 2rn

0 |z| − |z|2
r2n
0 − |z|2 > 0,

for all |z| < r1 = (
√

2 − 1)rn
0 , where r0 is the least positive root of the equation (2.2).

The function
f(z) =

∫ z

0

1 + ζn

1 − ζn
dζ

shows that (
√

2 − 1) can not replaced by a smaller constant.

Theorem 3.3. Let f ∈ Pn. Then for z = reiθ, we have

(3.1) |f(z)| ≥
N∑

j=1

αj

{
r

[
1 − Ajkjr

n

2(n + 1)

]
γ(Bj) +

AjΦ(Bj)
(Bj + γ(Bj))

r

+
[
1 − AjΦ(Bj)

(Bj + γ(Bj))

][ ∞∑
S=0

β2s
j

r2ns+1

2ns + 1

]

− kj

2
(Aj − Bj)Φ(Bj)

[ ∞∑
S=0

β2s
j

r2ns+n+1

2ns + n + 1

]}
,

where,

γ(Bj) =
{

1, Bj = 0,

0, Bj 	= 0

and

Φ(Bj) =
{

0, Bj = 0,

1, Bj 	= 0.

This result is sharp for the function

f0(z) =
N∑

j=1

αj

{
z

[
1 − Ajkjz

n

2(n + 1)

]
γ(Bj) +

AjΦ(Bj)
(Bj + γ(Bj))

z
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+
[
1 − AjΦ(Bj)

(Bj + γ(Bj))

][ ∞∑
s=0

β2s
j

z2ns+1

2ns + 1

]

− kj

2
(Aj − Bj)Φ(Bj)

[ ∞∑
s=0

β2s
j

z2ns+n+1

2ns + n + 1

]}
.

Proof. Since,
|f(z)| ≥

∫ r

0

Re(f ′(teiθ))dt

Using part (ii) of Lemma 2.2, for f ′(z) = p(z) ;

p(z) ∈ P ′α1,α2,α3,...,αN

k1,k2,k3,...,kN
[n;A1, B1, A2, B2, A3, B3, ..., AN , BN ],

we get that,

(3.2) |f(z)| ≥
∫ r

0

N∑
j=1

αj

{
1 − kj

2 (Aj − Bj)tn − AjBjt
2n

1 − B2
j t2n

}
dt.

But

1 − kj

2 (Aj − Bj)tn − AjBjt
2n

1 − B2
j t2n

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
[1 − kjAj

2 tn]; Bj = 0

Aj

Bj
+

[1−Aj
Bj

]− kj
2 (Aj−Bj)t

n

1−B2
j
t2n ;

Bj 	= 0.

Thus

I =
∫ r

0

1 − kj

2 (Aj − Bj)tn − AjBjt
2n

1 − B2
j t2n

dt

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
[1 − kjAj

2(n+1)r
n]r; Bj = 0

Aj

Bj
r +
{

(1 − Aj

Bj
)
[∑∞

s=0 β2s
j

r2ns+1

2ns+1

]− kj

2 (Aj − Bj)
[∑∞

s=0 β2s
j

r2ns+n+1

2ns+n+1

]}
,

s = 1, 2, ..., N ; Bj 	= 0,

which implies that,

(3.3) I =
[
1 − kjAj

2(n + 1)
rn

]
rγ(Bj) +

AjΦ(Bj)
(Bj + γ(Bj))

r

+
[
1 − AjΦ(Bj)

(Bj + γ(Bj))

][ ∞∑
s=0

β2s
j

r2ns+1

2ns + 1

]
− kj

2
(Aj − Bj)Φ(Bj)

[ ∞∑
s=0

β2s
j

r2ns+n+1

2ns + n + 1

]
.

Introducing (3.3) in the right hand side of inequality (3.2), we obtain inequality (3.1).

Remark 3.1. If we put n = 1 in Theorems 3.1, 3.2 and 3.3, we obtain the corresponding
results in [6].
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