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.  INTRODUCTION

Let A be the class of functions f which are analytic in the unit disk A = {z: |z| < 1}
and are given by

f(z):1+iakzk, n € N. (1.1)
n=~k

A function f analytic in A is said to be univalent in a domain D if

f(z1) = f(22) = 21 = 22 z1,22 € D.

The class of all univalent functions f in A and have form (1.1) will be denoted by S.

A domain D is called convex if for every pair of points w; and ws in the interior of D,
the line-segment joining w; to wsy lies wholly in D. A function f which maps A onto
a convex domain is called a convex function.The necessary and sufficient condition for

f € S to be convex in A is that Re(zjf,/((:)))/ > 0, z € A. The class off all functions
convex and univalent in A is denoted by C.

A domain D is said to be starlike with respect to w = 0 if the linear segment joining
w = 0 to any other point of D lies wholly in D. If a function fmaps A onto a starlike
domain with respect to w = 0, then f is said to be starlike. The necessary and sufficient

condition for f € S to be starlike is that

2f'(2)
f(2)

This class is denoted by S*, and it was studied first by Alexander [3].

Let f(z) and g(z) be analytic in A. We say that f(z) is subordinate to g(z) if there
exists a function ¢(z) analytic (not necessarily univalent) in A satisfying ¢(0) = 0 and
|p(2)| < 1 such that

Re >0, ze€A.
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f(z) =g(o(2)) (lz] <1). (1.2)

Subordination is denoted by f(z) < g(z). For more details on univalent functions by
subordination, we refer to [1,2,5,7-16].
Let B be the class of functions, analytic in A and of the form

w(z) = Z bp 2", ne N, (1.3)
n=1

and satisfying the conditions w(0) = 0 and |w(z)| < 1 for all z € A. Based on the class
B Janowski [4] defined the class P[A, B], as follows:
Let p be analytic function in A, given by

p(z) =1+ pnz". (1.4)

Then p(z) is said to be in the class P[A,B] ; —1 < B < A <1 ;if and only if, for z € A

1+ Aw(z)

Concerning the class P[A, B] Janowski [4] proved the following lemma:

Lemma 1.1 [4]. Let p € P[A, B], and given by (1.4). Then

(”) _1-Ar - Re p(Z) < 1+Ar

1-Br — — 1+Br>
. _1 (A-B
(7i1) — | arg p(z)| < sin ! {—ABZ“Z

These results are sharp.

Let N and D be analytic in A, D maps A onto a many -sheeted starlike region, N(0) =
D(0), and
N'(z)
Dr(z)

N(z)
€ P[A,B], then D) € P[A, B].

In [14], Ravichandran et.al defined the class P,[A, B] as follows:
For -1 < B < A<1 and

p(2) =1+cz" +cpp12" ..., neEN,
we say that p € P,[A, B] if
1+ Az
T A.
p(z) < T+ B z €
The class with the property that ZJ{ES) € P,[A, B] is denoted by ST, [A, B]. If n = 1, we

drop the subscript. Also, Ravichandran et.al [14] obtained the following lemma:
Lemma 1.2 [14]. If p € P,[A, B], then
1 — ABr?» - (A— B)r"
1— B22n | = 1— B2y’

For the special case p € P,(a) = P,[1 — 2a, —1], we get

p(z) |z| =r < 1. (1.6)
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1+ (1 —2a)r* - 2(1 —a)r™

p(z) — o T |z| =r < 1.

In this paper, we define the classes:

_ x1,02,03,...,&N .
P = Pkl’kZ’k:S’“.’k;N [naAlaB17A27BZ7A37B37 "'7AN7BN]3

101,002,063, & .
P, :thk%k?ﬂ e [77/ AlvBlaA27B27A3aB37"'7AN;BN]7

of analytic functions of the single complex variable z in the unit disk A = {z: |z| < 1}.
Moreover we study some of their basic properties. Besides we study the behavior of
functions of these classes under some differential and integral operators. Concerning the

class:
Qp,02,03,.. 7aN
Pkl’]@’k?ﬂ [A17B17A27327A37B37"'7ANvBN]7

which denotes the class of functions ¢ that are analytic in A and are represented by

D= e [M 200 - B 200))

where p;,u; € P[A;, Bj], a; are non-negative real numbers ; Z;‘;l aj=1;-1<B; <
A; <1, k;>2andj=1,2,3,..N.

The following lemma is useful in the sequel.
Lemma 1.3 [6]. If ¢(z) = Y .2 b,2™ is regular in A, ¢1(z) and h(z) are convex
univalent in A such that ¢(z) < ¢1(2), then (z) * h(2) < ¢1(2) * h(z), z € A, where

= N anz" and Y(z bpanz"
> -

1.  THE CLASS P
Suppose that
P = P]?ll’;g?];;??”];ijv [n7 Al; Bl7 A27 B27 A37 B37 cey AN7 BN]

denotes the class of functions ¢,, that are analytic in A and are represented by
N

(2.) 02) =Y 0[N 2y (0) - 2],

where p;,u; € P,[Aj, Bj], a; are non-negative real numbers ; Z;’il aj=1;-1<B;<
A; <1, kj>2andj=1,2,3,...,N. Since, for

[o@)
z):1+2akzk, n e N,
k=n

we say that p € P,[A;, Bj] if p(z) < %, z € A.

Lemma 2.1. The class P is a convex set.

Proof. We want to prove that for o, 3 >0, «a+ 3 =1 and for
q1,q2 € Pylioioe "N n; Ay, By, Ag, Ba, A, Bs, ..., An, By,

that ¢(z) = ﬁg[aCI1(2) + Bg2(z)], belongs to the class
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we say that p € P,[A;, Bj] if p(z) < }Igﬁ, z € A.

Lemma 2.1. The class P is a convex set.

Proof. We want to prove that for a, 3 >0, «a+ 3 =1 and for
q1,q2 € P00 "N n; Ay, By, Ag, Ba, Ag, Bs, ..., An, By,
that ¢(z) = %w[am (2) + Bga2(2)], belongs to the class

Pty Mg Ar, By, Aa, Ba, Az, Bs, ..., An, Byl Notes

This can simply seen by letting

0z =Y oM 5 - B2 ),

where f;, f7 € P,[Aj, Bj], aj are non-negative real numbers ; Z;\le a;j=1;-1<B;<
A <1, k> 2.
Also, let

N
) = Y a2 - g ],

where g;, g% € P,|A;, B;]. Then, we see that
7595 VERSd

N

1 a;  ki42 ki—2 .
a+6[aql(2)+ﬁqz(Z)] Zj:1 aJ:ﬁ[ o lofs + Bes) = = —laf + Bgj]]
Nk ki —2
=> ay] Jz2pj(2)— ‘74 u;(2)].
j=1

Then we arrive at the proof of our Lemma, since the class P, [A;, B;] is convex.

Lemma 2.2. Let
qc P]?ll,}g?]’gj?”];il\’ [n7 A17 Bla A25 B27 A3a B37 ceey AN7 BN]
Then for
[e.]
p(z) =1+ Z apz”;
k=n

we have
i) la,| < N: %k (A. — B;) for all n.
j=1"2 j J

N N N
{3 o L= B (- S - g - )| [ [T - 80
=ha=n =1
J#s j#s
< Rep(z)
N N N
= {Zas [T =B+ (A = B — AcBar) }/ [1a- B2
o=l i=1;
Jj#s JjFs

© 2012 Global Journals Inc. (US)
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(1i1) q€ P, for |z| <rp, where rgy is the least positive root of the equation

N N L
(2.2) Do H (1= B2) (1= (4, = By)r™ — A,Byr®") =0,
s=1 =1,

J

and P, = P,[1,—1] is the class of functions of positive real part. These results are sharp.

Proof. The proof of the assertion (i) is very similar to the proof of the assertion (i) of
Lemma 1.1 [4]. To prove assertion (ii) of Lemma 2.2, let p;,u; € P,[A4;, B;]; =1 < B; <
A;<1l,ne Nandj=1,23,..,N. Now, let

14+ A,z
-1 k J
p(2) + kz apz” < B,
Then, we can write p(z) = %, where ¢(z) is analytic in A, ¢(0) = 0 and |¢(2)| < 1.
Expressing ¢(z) in terms of p(z), we get that ¢(z) = Ap(%)gpl(z) a_"Bj 2 = 2" (2),
where |W(z)| < 1. Therefore |¢(2)| < 2™, and hence from the subordination principle, we
have that % < Rep(z) < |p(z)] < %, which implies that,
1—A;r 1+ A
2.3 — 7 | <R < —_—
(2.3 | < Rl < lbla)l < g

Moreover the double inequality (2.3) will be also satisfied for the functions u;(z). Now,
since

qc Pkallka;kis """ o [n AlaBlvA27B27A37B37 "'7AN7BN]7

.....

then using relation (2.1), it follows that

N
ki +2 . kj—2
Zozj[ 34 minRep;(z) — Tmaxu]( )} < Req(z)

Jj=1

ki —2

-(2)—

min u;(z)].

N
< Za] 5
j=1

Introducing the double inequality (2.3) in the double inequality (2.4), we obtain the
following double inequality

N
k+2 1—AT kj—2 1—|—Aj7°n
Zaj{ l—BJT") Ty [l-i-Bj?“"}} < Req(z)

J=1

]{?+2 1+AT‘ k:j—2 1—Aj’l“n
<Za3{ 1+Bjrn)_ 4 [1—Bjrn”’

which yields, after simphﬁcatlon the required double inequality. The result of part (iii)
of Lemma 2.2 follows easily from part (ii) of the same Lemma ; since
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z

N

Jj=1
J#s

N
Req(z) > {Zas [Ta-5 %(AS—BSW—ASBJQ”)} / [Ta-53m,
J

J=4
s

thus Re ¢(z) > 0, for |z| = ro, where r¢ is the least positive root of the equation

n ks n n
Sz_;ozs jg.(l - BJQ-TQ )(1 — E(AS — By)r" — A Bgr? ) =0.
i#s

The function

_ ia, (1- (4 - Bj)=" — A;B;2*")
/ (1 - B2z2n) ’

j=1
shows that the results of part (ii) and (iii) of Lemma 2.2 are sharp.
Lemma 2.3. Let

qc P]?ll’}g?];c;?” k;N [n A17BlaA27B27A37B33 7AN7BN]

Then )
N ok n
L i <1
(5= [ latrePan <1+ — ,
y 1 27 N A _ B]
i) g, e Far < 3% St
Proof. Let

o0
z) =1+ Z apz”.
k=n

Then by using Parseval’s identity and the result of (i) given in Lemma 2.2, we get

27 2
o [ latre ]dG—Z]ak|2 2’“<1+Z{Z )} 2k

k=n -j=1

Now, using relation (2.1), we get that

(2.5) q(z) = Zjilaj [kj Z— 2 ep(z) — kj4_ 2Reu;(z)}.

Moreover, for p); € P,[Aj, B;] ; we have

P (2) = (4 — B)qb’()
’ [1+ Bjo;(2)]?

© 2012 Global Journals Inc. (US)
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then

(2.6) 1 /%7 1 /27r (4 — B;)| x ‘w}(rew)’dG - Aj — B,

2r Jo jatr | 0= 27 11+ Bjw;(re?)| ~ 1- Bjra’

Applying (2.6) in (2.5), it follows that

27 N o oremorg , - ‘
i i ’q'(rew)’z(w < Z ﬂ/o {w‘pg(mw)} + k] 2|u;~(7’629)‘]d«9

1. THE CLASS Pn

A function f analytic in A is said to belong to the class
P oY Iny Ay, By, Az, Ba, As, Bs, ..., An, By,
if and only if,
f/ € Pg;}g?gg?’ DN [n Al, Bb AQ, BQ, Ag, Bg, ey AN7 BN]

Lemma 3.1. The class P,, is a convex set.

Proof. The proof of this Lemma is very similar to the proof of Lemma 1.4 (see [6]).

Now, we give the following theorem:

Theorem 3.1. Let f € P,. Then f is univalent for |z| < rg; where rg is the least
positive root of the equation (2.2). This result is sharp.

Proof. Let f € P,,, hence it follows from Lemma 1.2.2 assertion (iii) that Ref(z) > 0,
|z| < 7o; where rq is the least positive root of the equation (2.2).

The sharpness follows from the function f;(z) defined by

f1—

N
{/ Zas — B3¢ (1 - %(As — By)¢" — AsBy¢*") dg}/ []a- B¢
Jj= 1737'53 J;‘é

J

Theorem 3.2. Let f € P,,. Then f maps |z| < r; = (v/2— 1)r} onto a convex domain,

where 7( is the least positive root of the equation (2.2). This result is sharp.

Proof. Let f € P,,. Hence it follows from Lemma 2.2 assertion (iii) that Ref(z) > 0,
|z| < rp; where rq is the least positive root of the equation (2.2). Let w be any complex
number such that |w| < rg. Then the function

R G NN P U I
62 = P("UE ) P<>+p()[1 r%n} ‘.
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is analytic in |z| < 79 and Re G(z) > 0 for |z| < ro. Hence

w*\| _ 2P(w)
P - | < 28,
o 7o
which implies that,
‘P’(w) ‘ - 2ry
Plw) | = gl
Since w is any complex number with |w| < ry, we can write the above inequality as Not es
2f"(z) 2rg 2|
f/(z) — 7’8” B ‘ZlQ,
which implies that,
n 2
Re(1+ zf/"( )) >1- 2rg 2| L= 7“0 — 2rg|z| = |2] >0,
f'(z) o — |2| re" |Z|

for all |z| < 71 = (v/2 — 1)r}, where 7 is the least positive root of the equation (2.2).

21 n
6= |

The function

shows that (v/2 — 1) can not replaced by a smaller constant.

Theorem 3.3. Let f € P,,. Then for z = re*?, we have

al Ajkjr A;®(B;)
3D G122 0 Al 1)}”(37) B )
Aq)( ) 2ns—|—1
+[1_(B +7(B HZ@Q 2ns+1}
k. . 7,2ns—|—n—|—1
_EJ(Aj_B) {Zﬂf 2n5+n+1}}
where,
(1, B;j=0,
) ={ A
and
@(Bj):{o, B; =0,
1, B;#0.

This result is sharp for the function

© 2012 Global Journals Inc. (US)



kj 22n8—|—n+1
— = (A; — B; s -
2( s~ Bi)® {Zﬂ? 2ns +n+ 1
Proof. Since,

)2 / ;Re<f'<tei9>>dt

Ref- Using part (ii) of Lemma 2.2, for f/(z) = p(z) ;
p(Z) € P/ZII:I(:;,’]:;?:’ kn [n A17 B17 A27 B27 A37 B37 L) AN; BN]7
we get that,
Z(A; — Bj)t" — A;B;t*"
(3.2) £ = / Za]{ B }dt'
j
But
N [1— 552 By =0
— ?J(AJ — Bj)tn — Aijlan _ A [1—2—;]7%(143'7Bj)tn
1 — B3t2n B, T - B2 5
B; # 0.
Thus
T kj n n
7 / 1 — 5 (4 = Bj)t" — A;Bt™
0 1 — Bjt2n

k;jAj P
( [1 2(n+1) ]T" Bj = 0

2ns+1

— A A o0 sr s 7,,2ns-‘,—n—§—1

B < B_jr+ {(1 - B_;)[ZSIO J2 Qns—l—l} - 7](‘4 B )[Z =0 J2 2n5+n+1}}’
( s=1,2,...,N; B; #0,

which implies that,

I PR n} Vo A0(By)
(3.3) I= _1 2(n+1)r ry(Bj) + (Bj—k'y(Bj))T
A(I)(B 25 p2nstl k. ' p2nst+n+l
1_(B +v(By)) ][Zﬁj 2ns+1}_3j(Aj_B {Z 2ns—|—n+1]

Introducing (3.3) in the right hand side of inequality (3.2), we obtain inequality (3.1).

Global Journal of Science Frontier Research (F ) Volume XII Issue II Version I E February 2012

Remark 3.1. If we put n = 1 in Theorems 3.1, 3.2 and 3.3, we obtain the corresponding
results in [6].
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